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Abstract
Let ϕ be an automorphism of prime order p of a finite group G, and let CG(ϕ) be its fixed-point subgroup.
When ϕ is regular, that is, CG(ϕ) = 1, the group G is nilpotent by Thompson’s theorem. The “almost
regular” results of Fong and Hartley–Meixner–Pettet were giving the existence of a nilpotent subgroup
of index bounded in terms of p and |CG(ϕ)|. We prove the rank analogues of these results, when “almost
regular” in the hypothesis is interpreted as a restriction on the rank r of CG(ϕ), and the conclusion is sought
as nilpotency modulo certain bits of bounded rank. The classification is used to prove almost solubility in
the coprime case: the rank of G/S(G) is bounded in terms of r and p. For soluble groups the Hall–Higman-
type theorems are combined with the theory of powerful q-groups to obtain almost nilpotency, even without
the coprimeness condition: there are characteristic subgroups R  N G such that N/R is nilpotent and
the ranks of R and G/N are bounded in terms of r and p. Examples show that our results are in a sense
best-possible.
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Let ϕ be an automorphism of prime order p of a finite group G, and CG(ϕ) its fixed point
subgroup. By the classical theorem of Thompson [21], if ϕ is regular (that is, CG(ϕ) = 1), then
G is nilpotent. It is natural to expect that if ϕ is in some sense almost regular, then G must be in
a sense almost nilpotent. For example, if |CG(ϕ)| = n, then G has a nilpotent subgroup of index
bounded in terms of p and n (for short, (p,n)-bounded). This result is a combination of the work
of Fong [1], who bounded the index of the soluble radical using the classification of finite simple
groups, and the works of Hartley and Meixner [5] and Pettet [18], where (independently) the
index of the Fitting subgroup was bounded for soluble groups.
In the present paper we regard the automorphism ϕ as “almost regular” if there is a restriction
on the rank of CG(ϕ), and correspondingly interpret the property of G to be “almost nilpotent.”
(By definition a finite group has rank at most r if each of its subgroups can be generated by
r elements.) We prove an analogue of Hartley–Meixner–Pettet theorem for soluble groups. An
analogue of Fong’s theorem is proved in the case where the orders of G and ϕ are coprime;
examples show, however, that there can be no rank analogue of Fong’s theorem if the orders of
G and ϕ are not coprime.
Theorem 1. Suppose that a finite p′-group G has an automorphism ϕ of prime order p with
fixed point subgroup CG(ϕ) of rank r . Then the quotient by the soluble radical G/S(G) has
(p, r)-bounded rank. Moreover, G has characteristic subgroups R  N G such that N/R is
nilpotent and both G/N and R have (p, r)-bounded rank.
Examples show that it is impossible to get rid of the subgroup R in a result of this kind; nor
is it possible, of course, to get rid of the factor G/N . If the condition that G be a p′-group is
dropped, then one cannot bound the rank of G/S(G), as shown by examples. But for soluble
groups Theorem 1 remains valid also in the general, non-coprime case.
Theorem 2. Suppose that a finite soluble group G has an automorphism ϕ of prime order p with
fixed point subgroup CG(ϕ) of rank r . Then G has characteristic subgroups R  N  G such
that N/R is nilpotent and both G/N and R have (p, r)-bounded rank.
Theorem 2 can naturally be stated in terms of a finite soluble group containing an element
of prime order p whose centralizer has rank r . Moreover, the standard inverse limit argument
extends this result to periodic locally finite groups. (Here a group has rank at most r if each of
its finitely generated subgroups can be generated by r elements.)
Corollary 1. Suppose that a periodic locally soluble group G has an element g of prime order p
whose centralizer CG(g) has finite rank r . Then G has normal subgroups R N G such that
N/R is locally nilpotent and both G/N and R have finite (p, r)-bounded rank.
Earlier the coprime case for |ϕ| = 2 was completely settled by Shumyatsky [20]. The func-
tions of p and r bounding the ranks of the quotients in Theorems 1–2 can be given explicit upper
estimates, although we do not write them down. The result in [10] shows that in addition the
subgroup R in Theorems 1 and 2 can be taken to be of Fitting height 4.
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in the orders of elements of the groups G/N and R. The proofs of the main results in fact yield
the corresponding corollary.
Corollary 2. Suppose that under the hypotheses of Theorem 2 (respectively, Corollary 1) the
number of primes dividing the order of CG(ϕ) (the orders of elements in CG(g)) is (finite and
equal to) m. Then one can ensure that the number of primes dividing the orders (of elements) of
the groups N/R and R in the conclusion is (p, r,m)-bounded.
The proof of Theorem 1 relies on the classification of the finite simple groups. The proof of
Theorem 2 combines the “non-modular” Hall–Higman-type theorems with the theory of pow-
erful q-groups. The construction of a powerful subgroup is similar to a part of the proof in
Shumyatsky’s paper [20]. Earlier results are used to bound the Fitting height in terms of p and r ,
which enables induction. We also prove the following useful general result.
Theorem 3. If a finite soluble group G has normal subgroups R  N  G such that N/R is
nilpotent and both G/N and R have rank r , then G has characteristic subgroups R1 N1 G
such that N1/R1 is nilpotent and both G/N1 and R1 have r-bounded rank.
Further studies of finite groups G having an automorphism ϕ of prime order p with CG(ϕ) of
rank r are now largely reduced to the nilpotent quotient N/R. Recall that by Higman’s theorem
[6] the nilpotency class of a nilpotent group with a regular automorphism of prime order p is
p-bounded (an explicit estimate for the nilpotency class was obtained in [12,13]). By Khukhro’s
theorem [8,9], if G is nilpotent and |CG(ϕ)| = n, then G has a subgroup of (p,n)-bounded index
whose nilpotency class is p-bounded. It is natural to expect that if G is nilpotent and CG(ϕ)
has rank r , then G must have a subgroup of “(p, r)-bounded corank” whose nilpotency class is
p-bounded, best of all, a normal subgroup of p-bounded nilpotency class with quotient of (p, r)-
bounded rank. (For nilpotent groups a normal subgroup of bounded rank can be “eliminated” at
the expense of a quotient group, so there is no need for a subgroup of type R as above.) So
far this conjecture was completely confirmed only for p = 2 in the above-mentioned paper by
Shumyatsky [20]. Some partial results for arbitrary p (depending on the derived length of G)
were also obtained by Makarenko [16] and in [10].
First we list general requisite material in Section 1. Then in Section 2 we prove Proposition 1
bounding the rank of G/S(G) in the coprime case. We also produce an example showing that
the rank of G/S(G) cannot be bounded if the coprimeness condition is dropped. In Section 3
we state several Hall–Higman-type theorems. In Section 4 we prove Theorem 4, which gives
a slightly better result in the coprime case if the order of G is odd: then [G,ϕ] has a charac-
teristic subgroup R of (p, r)-bounded rank such that the quotient [G,ϕ]/R is nilpotent. This
is a consequence of Proposition 2 which deals with the soluble coprime case in the absence
of the so-called exceptional Hall–Higman-type situations. The latter are fought in Section 5,
where Theorem 2 is proved in a weaker form with (sub)normal rather than characteristic sub-
groups. Normal subgroups are replaced by characteristic ones in Section 6, where we prove
Theorem 3. This enables us to finish the proofs of the main results in Section 7, where we
also produce an example showing that the normal subgroup R is unavoidable, as is the quo-
tient G/N .
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We now recall a few well-known facts. Henceforth we denote the induced automorphism of
an invariant subgroup, quotient group, or section by the same letter.
Lemma 1. Let ϕ be an automorphism of a finite group H of coprime order (|H |, |ϕ|) = 1. If N
is a normal ϕ-invariant subgroup, then CH/N(ϕ) = CH(ϕ)N/N .
There are several other well-known properties of a coprime action that we shall use without
special references, like the existence of ϕ-invariant Sylow subgroups.
Lemma 2. If a finite abelian p-group A admits an automorphism ϕ of order p whose centralizer
has rank r , then the rank of A is at most pr .
Proof. The rank of A is equal to the rank of the subgroup Ω1(A) = {a ∈ A | ap = 1}, which
can be regarded as a vector space over a field of p elements. Since 0 = ϕp − 1 = (ϕ − 1)p , all
eigenvalues of the linear transformation ϕ are equal to 1. The number of blocks in the Jordan
normal form of ϕ is equal to the dimension of the centralizer CΩ1(A)(ϕ), while the dimension of
each block does not exceed p. 
The following lemma appeared independently and simultaneously in the papers of Gor-
chakov [2], Merzlyakov [17], and as “P. Hall’s lemma” in the paper of Roseblade [19].
Lemma 3. Let q be a prime number. The rank of a q-group of automorphisms of a finite q-group
of rank r is bounded in terms of r .
(Although in [2,17,19] q-groups of automorphisms of finite abelian q-groups of rank r were
considered, the general result can be easily derived from this special case, see, for example, [20,
Lemma 4.2].)
Lemma 4. If a finite group G admits an automorphism ϕ of prime order p with centralizer of
rank r , then the rank of a Sylow p-subgroup of G is bounded in terms of p and r .
Proof. By including 〈ϕ〉 into a Sylow p-subgroup of the semidirect product G〈ϕ〉 one can con-
sider a ϕ-invariant Sylow p-subgroup P of G. The rank of a maximal abelian normal subgroup
A of the semidirect product P 〈ϕ〉 does not exceed p(r + 1) by Lemma 2. Since CP 〈ϕ〉(A) = A,
the quotient group PA/A embeds isomorphically into a Sylow p-subgroup of the automorphism
group of A. By Lemma 3 the rank of PA/A is bounded in terms of the rank of A. 
The next lemma must also be well known.
Lemma 5. A finite q-group Q of linear transformations of a vector space of dimension n over a
field of characteristic = q has n-bounded rank.
Proof. Choose a maximal abelian normal subgroup A in Q; by Lemma 3 it suffices to bound
the rank of A. After extension of the field, A is diagonalizable, which gives the result since finite
multiplicative subgroups of fields are cyclic. 
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(Here An = 〈an | a ∈ A〉.) The following result can be found in [15].
Lemma 6.
(a) If a powerful q-group Q is generated by d elements, then the rank of Q is at most d and Q
is a product of d cyclic subgroups.
(b) If Q is a finite q-group of rank r , then Q contains a characteristic powerful subgroup of
index at most qr(log2 r+2).
The following result was obtained by Kovács [11] for soluble groups on the basis of Hall–
Higman-type theorems and extended by Longobardi and Maj [14] using the classification.
Lemma 7.
(a) If d is the maximum of the ranks of the Sylow subgroups of a finite soluble group, then the
rank of this group is at most d + 1.
(b) If d is the maximum of the ranks of the Sylow subgroups of a finite group, then the rank of
this group is at most 2d .
Two more well-known facts.
Lemma 8. A finite soluble group of rank r has r-bounded Fitting height.
Proof. For every prime q the quotient G/Oq ′,q (G) acts faithfully on the Frattini quotient of
Oq ′,q (G)/Oq ′(G) and therefore is a linear group of dimension  r . By Zassenhaus’ (or Lie–
Kolchin–Mal’cev) theorem G/Oq ′,q (G) has r-bounded derived length. Hence the same is true
for G/F(G) = G/⋂q Oq ′,q(G). 
Lemma 9. If a finite soluble group has rank r and exponent n, then its order is at most nf (r) for
some r-bounded number f (r).
Proof. By Lemma 8 it suffices to consider the case of a nilpotent group. Then, clearly, the ques-
tion reduces to a finite q-group. By Lemma 6(b) the group can be assumed to be a powerful
q-group; Lemma 6(a) completes the proof. 
The following two lemmas are quite elementary. We denote by γi(X) the terms of the lower
central series of X starting from γ1(X) = X. We set γ∞(X) =⋂i γi(X). The terms of the Fitting
series are denoted by Fi(X) starting from the Fitting subgroup F1(X) = F(X).
Lemma 10. For any finite group H = F2(H) of Fitting height 2 we have
γ∞(H) =
∏
q
[Fq,Hq ′ ] =
∏
q =t
[Fq,Ht ], (1)
where Fq is the Sylow q-subgroup of F(H), Hq ′ is a Hall q ′-subgroup of H , and Ht is a Sylow
t-subgroup of H .
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the choice of a Hall q ′-subgroup or a Sylow t-subgroup of H , so the products in (1) are well
defined. In particular, the [Fq,Hq ′ ] and the [Fq,Ht ] are normal subgroups of H and therefore so
are the products.
Let q be any prime, and Hq a Sylow q-subgroup of H . Modulo [Fq,Hq ′ ] the group H =
HqHq ′ acts on Fq as the image of Hq . Therefore the quotient group H/
∏
q [Fq,Hq ′ ] is nilpotent.
Thus, γ∞(H)
∏
q [Fq,Hq ′ ].
Conversely, since [[Fq,Hq ′ ],Hq ′ ] = [Fq,Hq ′ ] by the standard properties of coprime action
(Lemma 1), we have [Fq,Hq ′ ] γ∞(H) for each q , so that γ∞(H)∏q [Fq,Hq ′ ] and the first
equality (1) holds.
For each q we have [Fq,Hq ′ ] =∏t =q [Fq,Ht ], because all the [Fq,Ht ] are normal in H and
Hq ′ =∏t =q Ht . 
We use the commutator notation for [G,ϕ] = [G, 〈ϕ〉] = 〈[g,ϕ] | g ∈ G〉, the smallest normal
subgroup of G such that ϕ acts trivially on the quotient.
Lemma 11. Let π be a set of primes. Suppose that G is a π -separable finite group admitting an
automorphism ϕ such that G = [G,ϕ]. Suppose that H is a ϕ-invariant Hall π ′-subgroup of G
and X is a normal ϕ-invariant subgroup of G such that H  X. Then [H,ϕ]  X too.
Proof. We may assume that X = 1. Suppose the opposite: [H,ϕ] = 1. Consider some ϕ-invari-
ant normal series of G whose factors are alternating non-trivial π - and π ′-groups
G>G1 >G2 > · · · > 1.
The quotient G/G1 cannot be a π ′-group, since [G,ϕ] = G and [H,ϕ] = 1 by our assumption.
Hence G1/G2 is a π ′-group so that [G1, ϕ]G2 by our assumption. We have
[[G,G1], ϕ
]
 [G1, ϕ]G2 and
[[G1, ϕ],G
]
 [G2,G]G2.
Hence by the Three Subgroup Lemma,
[[ϕ,G],G1
]= [G,G1]G2.
This means that the image of G1 is central in G/G2. Since this image is the Hall π ′-subgroup
of G/G2, it follows that G/G2 is the direct product of its Hall π -subgroup and G1/G2. But this
contradicts the equality G = [G,ϕ]. 
2. Non-soluble groups
The following proposition is the “non-soluble” part of Theorem 1.
Proposition 1. Suppose that a finite p′-group G admits an automorphism ϕ of prime order p
such that CG(ϕ) has rank r . Then the rank of the quotient by the soluble radical G/S(G) is
(p, r)-bounded.
Lemma 12. Proposition 1 holds if G is a simple group.
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simple groups that G = L(q) is a group of Lie type and ϕ is a field automorphism. In particular,
q = qp0 and CG(ϕ) = L(q0). Since L(q0) has an elementary abelian subgroup of order q0, we
have q0 = sn, where s is a prime and n is a (p, r)-bounded number. Since a Sylow 2-subgroup of
L(q0) has (p, r)-bounded rank, the Lie rank of G = L(q), which is equal to the Lie rank of L(q0),
is (p, r)-bounded. Then G can be embedded into PSLm(q), where m is (p, r)-bounded. Hence
any Sylow t-subgroup of G for t = s also has (p, r)-bounded rank. Therefore the rank of G is
(p, r)-bounded by Lemma 7(b). 
Lemma 13. Proposition 1 holds if G = S1 × · · · × Sk is a direct product of non-abelian simple
groups Si , and moreover, the number k is (p, r)-bounded.
Proof. The automorphism ϕ permutes the Si . Let R1, . . . ,Rt be representatives of the orbits of
length p in this permutation, and Ptp+1, . . . ,Pk the fixed points. Then
G =
t∏
i=1
(
Ri ×Rϕi × · · · ×Rϕ
p−1
i
)×
k∏
i=pt+1
Pi.
Let Qi = Ri × Rϕi × · · · × Rϕ
p−1
i ; then CQi (ϕ) ∼= Ri and therefore the rank of Qi is (p, r)-
bounded. By Lemma 12 the rank of Pj is (p, r)-bounded for each j . As at the beginning of the
proof of Lemma 12, for each j either CPj (ϕ) = Pj , or Pj = L(q) is a group of Lie type, ϕ is
a field automorphism, q = qp0 , and CPj (ϕ) = L(q0). In particular, CPj (ϕ) contains non-trivial
2-elements, and the same is true for the CQi (ϕ). Hence the number k is (p, r)-bounded. 
Completion of the proof of Proposition 1. By Lemma 1 we can obviously assume that
S(G) = 1. Let M be the product of all minimal normal subgroups of G (the socle). Then M =
S1 × · · · × Sk is a direct product of non-abelian simple groups. By Lemma 13 the rank of M and
the number k are (p, r)-bounded. The group G embeds into
AutM = H · (AutS1 × · · · × AutSk),
where H is a subgroup of the symmetric group of degree k. Since the ranks of the AutSi/Si are
at most 3 by the classification, the rank of G is (p, r)-bounded. 
Example 1. For an odd prime p let G = SL(2,2n(p−1)) and let ϕ be the inner automorphism
of G of order p. The centralizer CG(ϕ) is cyclic, while the rank of a Sylow 2-subgroup of G
is n(p − 1). Thus, one cannot bound the rank of G/S(G) if the assumption of G be a p′-group
is dropped in Proposition 1 (or Theorem 1).
3. Hall–Higman-type results
We now state a key lemma in the “non-modular” theorems of Hall–Higman type. This lemma
appeared in many papers in various versions; for convenience we refer the reader to the lemma
in [5] and its proof.
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order p, where t and p are distinct primes. Suppose that T = [T ,ϕ] = 1, and the quotient group
T/Z(T ) is abelian of exponent t . Suppose that the group T 〈ϕ〉 acts faithfully and irreducibly on
a vector space V over an algebraically closed field whose characteristic is neither t , nor p. Then
either:
(a) CV (ϕ) = 0 or
(b) t = 2, the group T is extraspecial, [Z(T ),ϕ] = 1, the order |T | is bounded in terms of p,
and p = tm + 1 for some positive integer m.
Part (b) of this lemma is usually referred to as the exceptional case. The following lemma is a
consequence of the non-exceptional part (a).
Lemma 15. Suppose that p and q are distinct primes. Let H 〈ϕ〉 be a semidirect product of
a normal {2,p, q}′-subgroup H and a cyclic group 〈ϕ〉 of order p. Suppose that H = [H,ϕ] = 1
and the group H 〈ϕ〉 acts faithfully on a vector space V over the field Fq of q elements. Then
CV (ϕ) = 0.
Proof. First we extend the ground field Fq to an algebraically closed field K ; the property of
CV (ϕ) to be trivial or not is not affected. A minimal ϕ-invariant subgroup T of H on which
ϕ acts on-trivially is known to be a t-subgroup for some prime t satisfying the hypothesis of
Lemma 14 (see, for example, [3, Theorem 5.3.7]). Since 2 = t , we can apply Lemma 14(a) to
any irreducible KT 〈ϕ〉-submodule of V ⊗Fq K , on which T acts non-trivially. 
It is convenient to use the following result of Hartley and Isaacs [4, Theorem B], which can
be regarded as a very broad generalization of some Hall–Higman-type theorems (although in our
particular situation one could instead use repeatedly Lemma 14).
Hartley–Isaacs theorem. Let A be an arbitrary finite group. Then there exists a number δ =
δ(A) depending only on A with the following property. Let A act on G, where G is a finite
soluble group such that (|G|, |A|) = 1, and let k be any field of characteristic not dividing |A|.
Let V be any irreducible kAG-module and let S be any kA-module that appears as a component
of the restriction VA. Then dimk V  δmS , where mS is the multiplicity of S in VA.
There are explicit estimates of the number δ, which can be used for explicit estimates of the
functions involved in the main results of the present paper. We shall be applying this result with
A = 〈ϕ〉 to obtain upper estimates of the dimension of V in terms of the dimension of CV (ϕ) (the
multiplicity of the trivial k〈ϕ〉-module) when CV (ϕ) = 0. In the non-exceptional case Lemma 15
will be used to make sure that CV (ϕ) = 0. However, special efforts will be required to deal with
the exceptional cases.
We now reproduce for convenience one of the results in [10], whose proof is based on
Lemma 14 and well-known facts like the Kolchin–Mal’cev theorem on finite soluble linear
groups.
Lemma 16. If a finite soluble p′-group G admits an automorphism ϕ of prime order p such that
CG(ϕ) has rank r , then
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bounded;
(b) G/F5(G) has (p, r)-bounded order and the Fitting height of G is (p, r)-bounded.
Proof. Part (a) is Proposition 1 in [10].
By Theorem 1 in [10] the group G has a normal series
1G1 G2 G3 G4 G5 G, (2)
in which the factors G1 and G2/G1 are nilpotent, the factor G3/G2 is nilpotent of (p, r)-
bounded class, the factor G4/G3 is abelian, the factor G5/G4 is nilpotent of p-bounded class,
and the factor G/G5 has (p, r)-bounded rank. In the proof of [10, Theorem 1] in the case where
|G| is coprime to p it is actually proved that there is a normal series of the form (2) with G/G5
of (p, r)-bounded order. Then, in particular, the Fitting height of G is (p, r)-bounded. (Alter-
natively, one can use Lemma 8 to bound the Fitting height of CG(ϕ) and apply Thompson’s
theorem [22]; but the proof above may give better bounds.) 
4. Non-exceptional soluble coprime case
Since the result is in some aspects a little stronger for the case where G is a soluble p′-group
of odd order (when there are no exceptional situations), we consider it separately in this section.
The main ideas and the key Proposition 2, though, will be used in the general case as well.
Theorem 4. Suppose that a finite soluble p′-group G of odd order admits an automorphism ϕ
of prime order p such that CG(ϕ) has rank r . Then [G,ϕ] has a characteristic subgroup R of
(p, r)-bounded rank such that [G,ϕ]/R is nilpotent.
Thus, the conclusion of Theorem 4 gives a normal series G [G,ϕ]R such that [G,ϕ]/R
is nilpotent, while both R and G/[G,ϕ] have (p, r)-bounded rank; moreover, the rank of
G/[G,ϕ] is at most r by Lemma 1.
Proof. By Lemma 16(b) the Fitting height of G is (p, r)-bounded. Theorem 4 will follow by
induction on the Fitting height of G if the following proposition is proved, which we state in
slightly greater generality to be suitable on two more occasions later.
Proposition 2. Suppose that a finite soluble p′-group G admits an automorphism ϕ of prime
order p such that CG(ϕ) has rank r . Suppose that G = [G,ϕ] and L is a normal ϕ-invariant
subgroup of G such that the order of F2(L)/F1(L) is odd. Then the subgroup γ∞(F2(L)) has
(p, r)-bounded rank.
Completion of proof of Theorem 4 modulo Proposition 2. We can clearly assume from the
outset that G = [G,ϕ]. By Proposition 2 (applied with L = G) the rank of γ∞(F2(G)) is (p, r)-
bounded. It is a characteristic subgroup of G and the image of F2(G) in G/γ∞(F2(G)) is
nilpotent. Hence the Fitting height of G/γ∞(F2(G)) is smaller. By the induction hypothesis
this quotient group has a characteristic subgroup of (p, r)-bounded rank with nilpotent quotient.
The inverse image of this subgroup is the required characteristic subgroup of G with nilpotent
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(p, r)-bounded by the Fitting height of G. 
Proof of Proposition 2. Let q be an arbitrary prime divisor of F(L) and let π = {2, q}. (We do
not exclude the case q = 2, when, of course, π = {2}.) Let Q be the Sylow q-subgroup of F(L),
and H a Hall π ′-subgroup of G. Then H2 = H ∩ F2(L) is a Hall π ′-subgroup of F2(L) since
F2(L) is normal in G. Since 2  |F2(L)/F1(L)|, the action of H2 on Q coincides with the action
of a Hall q ′-subgroup of F2(L). By Lemmas 7(a) and 10 we only need to prove that Q1 =
[Q,H2] has (p, r)-bounded rank. Note that Q1 is a normal ϕ-invariant subgroup of G being the
normal Sylow q-subgroup of the nilpotent normal ϕ-invariant subgroup γ∞(F2(L)) F(L). We
may obviously assume that Q1 = 1. Note that Q1 = [Q1,H2] since the action is coprime.
Our first aim is to estimate the number of generators of Q1.
Lemma 17. The minimum number of generators of Q1 is (p, r)-bounded.
Proof. We regard the Frattini quotient V = Q1/Φ(Q1) as an FqG〈ϕ〉-module. Let
V = V1 ⊃ V2 ⊃ V3 ⊃ · · · ⊃ 0
be a composition series, so that every factor Ui = Vi/Vi+1 is an irreducible FqG〈ϕ〉-module. By
Maschke’s theorem we have [Ui,H2] = Ui for each i. In particular, H acts non-trivially on Ui .
By Lemma 11 applied with X as the kernel of the action of G on Ui and with π = {2, q} we
conclude that [H,ϕ] also acts non-trivially on Ui . Since [[H,ϕ], ϕ] = [H,ϕ], by Lemma 15 we
have CUi (ϕ) = 0. By the Hartley–Isaacs theorem we conclude that dimFq Ui  δ dimFq CUi (ϕ),
where δ is a p-bounded number. (In the non-exceptional situation one can actually put
δ(〈ϕ〉) = p.) Since dimFq CV (ϕ) =
∑
i dimFq CUi (ϕ), as a result,
dimFq V =
∑
i
dimFq Ui  δ dimFq CV (ϕ) δr,
so that the number of generators of Q1 is (p, r)-bounded. 
Our next goal is to show that Q1 has a powerful q-subgroup of bounded rank and “corank.”
The construction of a powerful subgroup is similar to a part of Shumyatsky’s proof in [20]. Let
M be a normal ϕ-invariant subgroup of G contained in Q1. Let the bar denote the images in the
quotient Q¯1 = Q1/Mq (or Q1/M4 if q = 2). Since M¯ = M/Mq (or M/M4) has exponent q
(or 4), the order of the centralizer of ϕ in this group is at most qf (or 2f ) for some (p, r)-
bounded number f = f (r) by Lemma 9. We denote by ζi(X) the terms of the upper central
series starting from the center ζ1(X) = Z(X).
Lemma 18. M¯  ζ2f+1(Q¯1).
Proof. We consider the series
M1 = M¯ >M2 >M3 > · · · > 1,
484 E.I. Khukhro, V.D. Mazurov / Journal of Algebra 301 (2006) 474–492where
Mi = [M¯, Q¯1, . . . , Q¯1︸ ︷︷ ︸
i−1
].
All the Mi are normal ϕ-invariant subgroups of G. Let Vi = Mi/Mi+1 be the factors of this
series. Since this is a central series of Q¯1, all the Vi are elementary abelian q-groups and can be
regarded as FqG〈ϕ〉-modules.
Whenever [Vi,H2] = 0 we have [Vi,H ] = 0 and therefore [Vi, [H,ϕ]] = 0 by Lemma 11
applied with X as the kernel of the action of G on Vi and with π = {2, q}. Then Lemma 15
yields CVi (ϕ) = 0. Since CM¯(ϕ)  qf , there can be at most f factors Vi with [Vi,H2] = 0.
Therefore for some k  2f + 1 we must have both [Vk,H2] = 0 and [Vk+1,H2] = 0. In other
words, we have
[[H2,Mk],Q1
]
 [Mk+1,Q1] = Mk+2
and
[[Mk,Q1],H2
]= [Mk+1,H2]Mk+2.
Hence by the Three Subgroup Lemma we also have
[[Q1,H2],Mk
]= [Q1,Mk] = Mk+1 Mk+2.
Then, of course, Mk+1 = 1, since Q¯1 is nilpotent. This means precisely that M¯  ζk(Q¯1) 
ζ2f+1(Q¯1). 
We now put M = γ2f+1(Q1). Then
[M¯, M¯] [γ2f+1(Q¯1), ζ2f+1(Q¯1)
]= 1,
that is, [M,M]  Mq (or [M,M]  M4). Thus, M = γ2f+1(Q1) is a powerful q-subgroup
of Q1.
The quotient Q1/γ2f+1(Q1)q is then nilpotent of class 4f + 1. Since Q1 is generated by
a (p, r)-bounded number of elements and Q1/γ2f+1(Q1)q is nilpotent of (p, r)-bounded class,
the rank of Q1/γ2f+1(Q1)q is (p, r)-bounded. In particular, the rank of γ2f+1(Q1)/γ2f+1(Q1)q
is (p, r)-bounded too, which coincides with the rank of the powerful q-subgroup γ2f+1(Q1) by
Lemma 6. As a result, the rank of Q1 is (p, r)-bounded, as required. Proposition 2 and therefore
Theorem 4 are proved. 
5. Soluble coprime case
In this section we obtain only a normal, rather than a characteristic series.
Proposition 3. Suppose that a finite soluble p′-group G admits an automorphism ϕ of prime
order p such that CG(ϕ) has rank r . Then there is a normal series G>N > R such that N/R
is nilpotent, while both G/N and R are of (p, r)-bounded rank.
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exceptional situation of Lemma 14(b), which is the obstacle to applying the proof of Theorem 4
in the general situation, can happen only when a 2-subgroup is involved in one of those Hall
subgroups acting on elementary q-groups.
First we consider the quotient G/O2′,2([G,ϕ]).
Lemma 19. The rank of G/O2′,2([G,ϕ]) is (p, r)-bounded.
Proof. The rank of G/[G,ϕ] is at most r by Lemma 1, so it suffices to bound the rank of
[G,ϕ]/O2′,2([G,ϕ]). By Lemma 16(a) the rank of a Hall 2′-subgroup of [G,ϕ]/O2′,2([G,ϕ]) is
(p, r)-bounded. By Lemma 7(a) it remains to estimate the rank of a Sylow 2-subgroup.
Let the bar denote the images in
[G,ϕ] = ([G,ϕ]/O2′
([G,ϕ]))/Φ(O2′,2
([G,ϕ])/O2′
([G,ϕ]))
and let V = O2′,2([G,ϕ]). Then [G,ϕ]/O2′,2([G,ϕ]) acts faithfully on the elementary abelian
2-group V , which is the Fitting subgroup of [G,ϕ], while F2([G,ϕ])/V has odd order. Let
F = F2([G,ϕ])/V . By Proposition 2 the rank of [V,F ] = γ∞(F2([G,ϕ])) is (p, r)-bounded.
Let T be a Sylow 2-subgroup of [G,ϕ]/O2′,2([G,ϕ]). A standard argument shows that T acts
faithfully on [V,F ]. Indeed, let T0 = CT ([V,F ]). Then
[[
F, [V,F ]], T0
]= [[V,F ], T0
]= 1 and [[[V,F ], T0
]
,F
]= 1;
hence by the Three Subgroup Lemma,
[[T0,F ], [V,F ]
]= 1.
But [T0,F ] F also acts trivially on V/[V,F ]; hence [T0,F ] acts trivially on V since the action
is coprime. Then [T0,F ] = 1 since the action of F on V is faithful. But F is the Fitting subgroup
of [G,ϕ]/O2′,2([G,ϕ]) and has odd order. Hence T0 = 1.
Thus, a 2-group T acts faithfully on a 2-group [V,F ] of (p, r)-bounded rank; hence T also
has (p, r)-bounded rank by Lemma 3. 
By Lemma 16(b) the Fitting height of G is (p, r)-bounded. We shall now use Proposition 2
and induction on this height to prove that γ∞(O2′([G,ϕ])) has (p, r)-bounded rank. Since this
is a characteristic subgroup of [G,ϕ], it is also normal in G〈ϕ〉. Then we shall be able to simply
assume that γ∞(O2′([G,ϕ])) = 1, that is, that O2′([G,ϕ]) is nilpotent.
Lemma 20. The rank of γ∞(O2′([G,ϕ])) is (p, r)-bounded.
Proof. By the induction on the Fitting height, which is (p, r)-bounded by Lemma 16(b), it
suffices to prove that the rank of γ∞(F2(O2′([G,ϕ]))) is (p, r)-bounded. This follows from
Proposition 2 applied to [G,ϕ] = [[G,ϕ], ϕ] with L = O2′([G,ϕ]). 
Thus, from now on we assume that O2′([G,ϕ]) is nilpotent. We set H = O2′,2([G,ϕ]); this is
a semidirect product of a normal nilpotent 2′-subgroup and a 2-group. The remaining arguments
are designed to get rid of exceptional situations. Let W denote a ϕ-invariant Sylow 2-subgroup
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form a quotient of (p, r)-bounded rank. The remaining “good” part of H will be dealt with in
the way similar to the proof of Theorem 4.
Let V be the set of all G〈ϕ〉-invariant sections V of O2′(H) that are elementary abelian
q-groups (for various primes q) satisfying the following two conditions:
(i) V is a composition factor of G〈ϕ〉 (that is, an irreducible FqG〈ϕ〉-module);
(ii) CV (ϕ) = 1.
(The first condition may not be essential, but it simplifies the following definition.) We set
K =
⋂
V∈V
CH(V ).
This is also a normal ϕ-invariant subgroup of G. Since O2′(H) is nilpotent, condition (i) im-
plies that any V ∈V is a central section of O2′(H). Therefore CH(V )O2′(H) and CH(V ) =
O2′(H)CW(V ), since H = O2′(H)W , where, recall, W is a ϕ-invariant Sylow 2-subgroup of H .
Hence K = O2′(H) ·⋂V∈VCW(V ).
The idea is that arguments similar to the proof of the non-exceptional Proposition 2 can be
applied to K , while G/K has (p, r)-bounded rank. Then γ∞(K) will be a characteristic subgroup
of K of (p, r)-bounded rank with nilpotent quotient, which will complete the proof.
Lemma 21. The rank of G/K is (p, r)-bounded.
Proof. Since the rank of G/H is (p, r)-bounded by Lemma 19, it suffices to bound the rank
of H/K ∼= W/W ∩ K = W/⋂V∈VCW(V ). Let C be a critical subgroup of W/W ∩ K ; recall
that C is a characteristic subgroup of W/W ∩ K of nilpotency class 2 containing its centralizer
in W/W ∩ K and with C/Z(C) of exponent 2 (see, for example, [3, Theorem 5.3.11]). By
Lemma 3 it suffices to bound the rank of C. The latter is in turn bounded in terms of the rank
of a maximal abelian normal subgroup B of C. Since the rank of B is equal to that of Ω1(B),
it suffices to bound the rank of Ω1(C), which is a ϕ-invariant subgroup of W/W ∩ K . Since
Ω1(C) has exponent dividing 4, this is equivalent to bounding the order of Ω1(C). Clearly,
Ω1(C)/Z(Ω1(C)) also has exponent 2 and therefore |CΩ1(C)(ϕ)| 23r .
Using induction on s we shall prove that if D is a ϕ-invariant subgroup of W/W ∩ K of
nilpotency class 2 such that D/Z(D) has exponent 2 and |CD(ϕ)| = 2s , then the order of D
is (p, s)-bounded. The application of this assertion to Ω1(C) will then complete the proof of
Lemma 21.
We shall see in a moment that if s = 0, then D = 1, which will give us a basis of induction
for s = 0. The quotient D/[D,ϕ] has rank at most s and exponent  4; hence its order is s-
bounded by Lemma 9. Replacing D with [D,ϕ] if necessary, we may assume that D = [D,ϕ].
If D = 1, then there exists V ∈V such that D acts non-trivially on V (the action is well defined,
since D is a subgroup of W/W ∩K and CW(V )W ∩K). We consider V as an FqD〈ϕ〉-module
(for the appropriate q), extend the ground field, and consider an irreducible submodule U where
D acts non-trivially. The quotient D/CD(U) also has nilpotency class 2, its central quotient is of
exponent 2, and [D/CD(U),ϕ] = D/CD(U). Therefore the group D/CD(U)〈ϕ〉 in the action
on U satisfies Lemma 14. Since CU(ϕ) = 1, it must be the exceptional case of Lemma 14(b). As
a result, we obtain a non-trivial fixed point of ϕ on D/CD(U) in the center of this extra-special
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of D/CD(U) is p-bounded. It remains to apply the induction hypothesis to CD(U), on which ϕ
has fewer fixed points by Lemma 1. 
Lemma 22. The rank of γ∞(K) is (p, r)-bounded.
Proof. By Lemmas 7(a) and 10 it suffices to bound, for each prime q = 2, the rank of Q1 =
[Q,Y ], where Q is a Sylow q-subgroup of F(K), and Y = W ∩ K is a ϕ-invariant Sylow 2-
subgroup of K (recall that K/F(K) is a 2-group). We set π = {q} and essentially repeat the
arguments in the proof of Proposition 2.
First we bound the rank of V = Q1/Φ(Q1). Note that V = [V,Y ]. We regard V as an
FqG〈ϕ〉-module. Let V = V1 ⊃ V2 ⊃ · · · be a series of FqG〈ϕ〉-submodules with irreducible
quotients Ui = Vi/Vi+1. Since Y acts non-trivially on each Ui , we must have CUi (ϕ) = 0 by the
definition of K  Y and property (ii) in the definition of V. Then by the Hartley–Isaacs theo-
rem the Fq -dimension of Ui is bounded in terms of p and the Fq -dimension of CUi (ϕ). Since∑
i CUi (ϕ) r , we obtain that the Fq -dimension of V equal to
∑
i dimFq Ui is (p, r)-bounded.
Next we show that Q1 has a powerful q-subgroup of bounded rank and “corank.” Let M be a
normal ϕ-invariant subgroup of G contained in Q1. Let the bar denote the images in the quotient
Q¯1 = Q1/Mq . Since M¯ = M/Mq has exponent q , the order of the centralizer of ϕ in this group
is at most qf for some r-bounded number f = f (r) by Lemma 9.
We claim that M¯  ζ2f+1(Q¯1). Consider the series
M1 = M¯ >M2 >M3 > · · · > 1,
where
Mi = [M¯, Q¯1, . . . , Q¯1︸ ︷︷ ︸
i−1
].
All the Mi are normal ϕ-invariant subgroups of G. Let Vi = Mi/Mi+1 be the factors of this
series. Since this is a central series of Q¯1, all the Vi are elementary abelian q-groups and can be
regarded as FqG〈ϕ〉-modules.
Suppose that [Vi,Y ] = 0 for some i. Since [Vi,Y ] = γ∞(ViK) by Lemma 10, and both Vi
and K are G〈ϕ〉-invariant, [Vi,Y ] is G〈ϕ〉-invariant too. If U is an irreducible FqG〈ϕ〉-sub-
module of [Vi,Y ], we have CVi (ϕ) = 0 by the definition of K  Y . Thus, CVi (ϕ) = 0 whenever[Vi,Y ] = 0.
Since CM¯(ϕ)  qf , there can be at most f factors Vi with [Vi,Y ] = 0. Therefore for some
k  2f + 1 we must have both [Vk,Y ] = 0 and [Vk+1, Y ] = 0. In other words, we have
[[Y,Mk],Q1
]
 [Mk+1,Q1] = Mk+2
and
[[Mk,Q1], Y
]= [Mk+1, Y ]Mk+2.
Hence by the Three Subgroup Lemma we have also
[[Q1, Y ],Mk
]= [Q1,Mk] = Mk+1 Mk+2.
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We now put M = γ2f+1(Q1). Then
[M¯, M¯] [γ2f+1(Q¯1), ζ2f+1(Q¯1)
]= 1,
that is, [M,M]Mq . Thus, M = γ2f+1(Q1) is a powerful q-subgroup of Q1.
The quotient Q1/γ2f+1(Q1)q is then nilpotent of class 4f + 1. Since Q1 is generated by
a (p, r)-bounded number of elements and Q1/γ2f+1(Q1)q is nilpotent of (p, r)-bounded class,
the rank of Q1/γ2f+1(Q1)q is (p, r)-bounded. In particular, the rank of γ2f+1(Q1)/γ2f+1(Q1)q
is (p, r)-bounded too, which coincides with the rank of the powerful q-subgroup γ2f+1(Q1). As
a result, the rank of Q1 is (p, r)-bounded, as required. Lemma 22 and therefore Proposition 3
are proved. 
6. Characteristic from normal
Here we prove a useful general fact.
Theorem 3. If a finite soluble group G has normal subgroups R  N  G such that N/R is
nilpotent and both G/N and R have rank r , then G has characteristic subgroups R1 N1 G
such that N1/R1 nilpotent and both G/N1 and R1 have r-bounded rank.
Proof. By Lemma 8 the Fitting height of N is r-bounded. We proceed by induction on this
height. If N is nilpotent, then we can set N1 = F(G) and R1 = 1.
Assuming that N is not nilpotent, we consider S = γ∞(F2(N)), which is a normal nilpotent
subgroup of G contained in R. We denote for short A = AutG. It suffices to prove that the
automorphic closure of S,
SA =
∏
a∈AutG
Sa,
has r-bounded rank. Then the induction hypothesis can be applied to the quotient G/SA by this
characteristic subgroup; the inverse images of the corresponding characteristic subgroups will be
the required subgroups of G. (The rank of R1 thus constructed will be r-bounded because the
number of steps in this process is r-bounded by the Fitting height of N .)
By Lemma 7(a) it suffices to bound the rank of the Sylow q-subgroup of SA for each prime q .
Let Q be the (normal) Sylow q-subgroup of S; then QA =∏a∈AutGQa is the (normal) Sylow
q-subgroup of SA. Let V = QA/Φ(QA). It is sufficient to prove that the rank of V is r-bounded.
Indeed, then we can choose r-bounded number k of automorphisms a1, . . . , ak ∈ A such that
k∏
i=1
QaiΦ
(
QA
)
/Φ
(
QA
)= V = QA/Φ(QA).
By the Burnside Basis Theorem then
∏k
i=1 Qai = QA and the rank of this group is at most kr ,
because QR.
By Lemma 10 we have Q = ∏t =q [Q,St ], where St is a Sylow t-subgroup of F2(N) or,
without ambiguity, the Sylow t-subgroup of F2(N)/S. Since the rank of Q/Φ(Q) is at most r ,
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Sylow ti -subgroups of F2(N)/S so that
Q/Φ(Q) =
∏
i,j
[
Q/Φ(Q),hij
]
.
Then
V =
∏
a∈AutG
∏
i,j
[
Qa,haij
]
Φ
(
QA
)
/Φ
(
QA
)

∏
i,j,a
[
V,haij
]=
∏
i
∏
j,a
[
V,haij
]

∏
i
[
V,
〈
haij
∣∣ j, a〉]. (3)
Note that for each i the image of the subgroup 〈haij | j, a〉 in G/CG(V ) is contained in the Sylow
ti -subgroup Ti of the nilpotent quotient F2(N)ACG(V )/CG(V ).
Now let t be one of the ti and let T be the (normal) Sylow t-subgroup of F2(N)ACG(V )/
CG(V ). We claim that the rank of T is r-bounded. Let the bar denote the images in G/CG(V ).
By hypothesis on G/N the rank of T/T ∩ N¯ is  r . Let N˜ be the image of N in G/Φ(QA).
Also by hypothesis on G/N , the rank of V/V ∩ N˜ is  r . Since t = q and N/R is nilpotent, the
commutator subgroup [T ∩ N¯,V ∩ N˜ ] is contained in RΦ(QA)/Φ(QA) and therefore has rank
 r . By Maschke’s theorem (V ∩ N˜)/C
V∩N˜ (T ∩ N¯) has rank  r and therefore V/CV (T ∩ N¯)
has rank  2r ; hence [V,T ∩ N¯ ] has rank  2r . Since T ∩ N¯ acts faithfully on [V,T ∩ N¯ ], by
Lemma 5 the rank of T ∩ N¯ is r-bounded. Therefore the rank of T is r-bounded too.
Note that by the same argument the rank of [V,hij ] is  2r ; hence for any a ∈ AutG the rank
of [V,haij ] is also  2r .
Now for each given i we consider the images of the elements haij , a ∈ AutG, in G/CG(V ).
They all belong to the Sylow ti -subgroup Ti of F2(N)A, which has r-bounded rank, as shown
above. By the Burnside Basis Theorem we can choose an r-bounded number ni of elements
among the haij , say, h
ak
ijk
, k = 1, . . . , ni , that generate the same subgroup as all the haij . Since the
rank of each [V,hakijk ] is  2r , for each i the rank of [V, 〈haij | j, a〉] = [V, 〈h
ak
ijk
| k〉] is actually
r-bounded by 2rni . Taking the sum over the r-bounded number of primes ti involved in (3), we
obtain an r-bounded estimate for the rank of V , as required. 
7. Completion of the proof of the main results
Completion of proof of Theorem 1. Applying Proposition 3 to S(G) we obtain the correspond-
ing normal subgroups of S(G). Then Theorem 3 allows us to turn these normal subgroups of
S(G) into characteristic subgroups of S(G) and therefore of G. 
Completion of proof of Theorem 2. Applying Theorem 1 to Op′(G) we obtain characteristic
subgroups with the required properties; these subgroups are also characteristic in G. It remains to
show that G/Op′(G) has (p, r)-bounded rank. Indeed, the rank of a Sylow p-subgroup of G is
(p, r)-bounded by Lemma 4. Set P = Op′,p(G)/Op′(G). The group G/Op′,p(G) acts faithfully
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rank; hence the order of P/Φ(P ) is (p, r)-bounded. As a result, the order of G/Op′,p(G) is also
(p, r)-bounded. Hence the rank of G/Op′(G) is also (p, r)-bounded. 
Proof of Corollary 1. We apply the well-known inverse limit argument. Let Σ be the family of
all finite subgroups of G containing g; this is a directed poset by inclusion. For each H ∈ Σ let
SH be the set of all pairs (N,R) of normal subgroups R N H such that N/R is nilpotent and
H/N and R have ranks  f (p, r), where f (p, r) is the function given by Theorem 2. Each SH
is non-empty by Theorem 2 applied to H and its inner automorphism induced by g. Clearly, each
SH is finite. For any two H1,H2 ∈ Σ such that H1 H2 there is a map ϕH1,H2 :SH1 → SH2 given
by taking the intersections with H2. This inverse system of finite sets has non-empty inverse limit
(see, for example, Theorem 1.K.1 in [7]). The unions of the corresponding subgroups of types N
and R over any element of the inverse limit give the required subgroups of G. 
Proof of Corollary 2. First we consider the case of a finite soluble p′-group. In the proof of
Proposition 3 every Sylow q-subgroup of R contains non-trivial fixed points of ϕ, because this is
the case at every step of the construction of R by induction on Fitting height. The quotient G/N
has the series
G [G,ϕ]O2′,2
([G,ϕ])N,
where N is the full inverse image of the subgroup K constructed in the proof. The primes in-
volved in G/[G,ϕ] are the same as in CG(ϕ). The quotient O2′,2([G,ϕ])/K is in fact a 2-group.
It remains to consider the primes t = 2 such that there is a (ϕ-invariant) Sylow t-subgroup T of
[G,ϕ]/O2′,2([G,ϕ]) such that CT (ϕ) = 1. The group T 〈ϕ〉 acts faithfully on the 2-group
V = O2′,2
([G,ϕ])/Φ(O2′,2
([G,ϕ])/O2′
([G,ϕ])).
Let U be some irreducible F2T 〈ϕ〉-submodule of V on which T acts non-trivially. By
Lemma 14(b) we have CU(ϕ) = 0. By the Hartley–Isaacs theorem then the F2-dimension of
U is (p, r)-bounded. Hence the order of U is (p, r)-bounded, whence the prime t is a (p, r)-
bounded number. Thus, the number of primes involved in the orders of G/N and R in conclusion
of Proposition 3 can be made (p, r,m)-bounded, where m is the number of primes involved
in |CG(f )|.
Now consider the proof of Theorem 3 producing characteristic subgroups N1 and R1 from
normal N and R under the additional assumption that the number of primes involved in |G/N |
and |R| is m. The characteristic subgroup R1 is constructed by induction on the Fitting height of
G by taking the automorphic closure of certain normal subgroups of (the images of) G contained
in (the images of) R. Clearly, the number of primes involved remains the same as in |R|. The
(image of the) subgroup N1 is at every step simply larger than N , so the number of primes
involved in |G/N1| can only be smaller than in |G/N |.
In the general case of Theorem 2, when characteristic subgroups N and R are chosen in
Op′(G) (after applying Theorem 3 and renaming), which are the subgroups in the final con-
clusion, it remains to recall that the order of G/Op′,p is (p, r)-bounded, so the set of primes
involved in |G/N | can only increase by (p, r)-boundedly many primes.
Now we turn to Corollary 1. It follows from the considerations above that the set of primes
dividing |G/N | and |R| in the conclusion of Theorem 3 can be made to include, apart from the
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terms of p and r . Let Π be the union of the set of prime divisors of the orders of elements of
CG(ϕ) and the set of all primes not exceeding π(p, r). The proof of Corollary 1 now should be
modified as follows. Again, Σ is the family of all finite subgroups of G containing g. For each
H ∈ Σ let SH be the set of all pairs (N,R) of normal subgroups R N H such that
(a) N/R is nilpotent,
(b) H/N and R have ranks  f (p, r), where f (p, r) is the function given by Theorem 2, and
(c) the set of primes dividing |H/N | and |R| is contained in Π .
Each SH is non-empty by the above modification of Theorem 2 applied to H and its inner auto-
morphism induced by g. The unions of the corresponding subgroups of types N and R over any
element of the inverse limit give the required subgroups of G. 
Finally we produce a simple example showing that even in the soluble coprime case one
cannot bound the rank of the Fitting quotient group G/F(G) (even for p = 2), nor the rank
of γ∞(G).
Example 2. Let n be any positive integer, and let q1, q2, . . . , qn be distinct primes greater than 7.
For each i = 1, . . . , n the automorphism group of the elementary abelian group Ei of order
q6i contains the Frobenius group Fi with kernel Ai of order 7 and with complement generated
by the element bi of order 6 such that Ai acts regularly on Ei . Let Bi denote the semidirect
product EiFi , and let P = B1 × · · · × Bn. Let G be the subgroup of P generated by all the
Ei,Ai and the element b2, where b = b1 · · ·bn. The element b3 induces an automorphism ϕ of
G of order p = 2. Then CG(ϕ) is a group of rank 3, while the rank of the Fitting quotient of G,
as well as the rank of any normal subgroup with nilpotent quotient, is equal to n.
This example (similar examples can be constructed for any prime p) shows that in Theorems 1
and 2 the series R N G cannot in general be reduced to two subgroups.
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